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“If you change queues, the one you have left  

will start to move faster than the one you are in now.” 

“Your queue always goes the slowest.” 

“Whatever queue you join, no matter how short it looks,  

it will always take the longest for you to get served.” 

 

 

(Murphy’s Laws on reliability and queueing)1 
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1. INTRODUCTION 

 

Queuing theory is the mathematical study of the congestion and delays of waiting in line: 

it examines every component of waiting in line to be served, including the arrival process, 

service process, number of servers, number of system places, and the number of 

customers—which might be people, data packets, cars, etc. 

As a branch of operations research, queuing theory can help users make informed 

business decisions on how to build efficient and cost-effective workflow systems. Real-

life applications of queuing theory cover a wide range of applications, such as how to 

provide faster customer service, improve traffic flow, efficiently ship orders from a 

warehouse, and design of telecommunications systems, from data networks to call 

centers.2 

In this paper we aim to give a brief and general introduction to the queuing theory and 

its mathematical tools, and then describe an agent-based simulation of a supermarket 

we ran using NetLogo. With the simulation we will analyze the behavior of the queue and 

the queue time of the agents depending on some characteristics of the supermarket and 

the knowledge the customers achieve by coming back to the supermarket multiple times. 

 

 

2. QUEUING THEORY 

 

 
Schematic representation of a simple queueing model [3] 

 

 M/M/1 QUEUING MODEL  

 
M/M/1 queuing model means that arrivals are determined by a Poisson process and 

job service times have an exponential distribution, and there is one server. For the 

analysis of the cash transaction counter M/M/1 queuing model, the following 

variables will be investigated:  
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λ: The mean customers arrival rate  

μ: The mean service rate  

ρ =
𝜆

𝜇
 utilization factor  

Probability of zero customers in the bank: 𝑃0 = 1 – ρ  

The probability of having n customers in the bank: 𝑃𝑛 = 𝑃0𝜌𝑛  

The average number of customers in the bank: 𝐿𝑠 =
𝜆

𝜇−𝜆
 

The average number of customers in the queue: 𝐿𝑞 = Lρ =  
𝜌𝜆

𝜇−𝜆
 

The average waiting time in the queue: 𝑊𝑞 =
𝜌

𝜇−𝜆
 

The average time spent in the bank, including the waiting time 𝑊𝑠 =
1

𝜇−𝜆
 

 

 M/M/S QUEUING MODEL 

 

M/M/S queuing model means that arrivals are determined by a Poisson process and job 

service times have an exponential distribution, and there are S servers willing to serve 

from a single line of customers. 

 

λ: The mean customers arrival rate  

μ: The mean service rate  

ρ =
𝜆

𝜇𝑠
 utilization factor  

Probability of zero customers in the bank: 𝑃0 =  [∑
(𝑠𝜌)𝑛

𝑛!

(𝑠𝜌)𝑠

𝑠!(1−𝜌)

𝑠−1
𝑛=0 ]−1 

The probability of having n customers in the bank: 𝑃𝑛 = 𝑃0𝜌𝑛  

The average number of customers in the bank: 𝐿𝑠 = 𝐿𝑞 +
𝜆

𝜇
 

The average number of customers in the queue: 𝐿𝑞 = 𝑃𝑠
𝜌

(1−𝜌)2
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The average waiting time in the queue: 𝑊𝑞 = 𝑃𝑠
𝜌

𝑠𝜇(1−𝜌)2
 

The average time spent in the bank, including the waiting time 𝑊𝑠 =
1

𝜇
+ 𝑊𝑞  

 

 ASSUMPTIONS 

 

The following assumptions were made for queuing system which is in accordance with the 

queue theory.  

1. Arrivals follow a Poisson probability distribution at an average rate of λ customers per unit 

of time.  

2. The queue discipline is First-Come, First-Served (FCFS) basis by any of the servers. There 

is no priority classification for any arrival.  

3. Service times are distributed exponentially, with an average of μ customers per unit of 

time.  

4. There is no limit to the number of the queue (infinite). 

5. The service providers are working at their full capacity.  

6. The average arrival rate is greater than average service rate.  

7. Servers here represent employees of the supermarket.  

8. Service rate is independent of line length; service providers do not go faster because the 

line is longer. 
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Figure 1 [3] describes single stage queuing model with single queue and multiple parallel 

servers. For this, we will use M/M/S queuing system.  

Figure 2 [3] describes single stage queuing model with multiple queues and multiple parallel 

servers. For this, we will use M/M/1 queuing system.  

If we consider S number of checkout stands in the supermarket, and the customer’s arrival 

rate is λ and the service rate of each checkout stand is μ ,we try to find the values of 

𝐿𝑞, 𝐿𝑠, 𝑊𝑞 , 𝑊𝑠  in two cases and comparing all these four characteristics in each case. If there 

is only one queue then the system considered as M/M/S queuing system, in this case we will 

use multi server queuing model to find 𝐿𝑞, 𝐿𝑠, 𝑊𝑞 , 𝑊𝑠  .  

If there are S queues in the system the queuing system considered as S isolated M/M/1 

queuing systems, in this case we will use single server queuing model to find 𝐿𝑞, 𝐿𝑠, 𝑊𝑞, 𝑊𝑠   

in this case the customer’s arrival rate become 
𝜆

𝑆
.  

 

 Expected total cost for M/ M/ 1 and M/ M/ S model 

  

Service level is the function of two conflicting costs:  

1) Cost of offering the service to the customers 

2) Cost of delay in offering service to the customers  

Economic analysis of these costs helps the management to make a trade-off between the 

increased costs of providing better service and the decreased waiting time costs of 

customers derived from providing that service.  

- Expected service cost: E(SC)=s 𝑪𝒔 (where s is number of servers and 𝐶𝑠 is service cost 

of each server)  

- Expected waiting cost in the system: E(WC)=𝑳𝒔𝑪𝒘, where 𝐿𝑠 is the expected number 

of customers in the system and 𝐶𝑤 is the cost of waiting by the customer 
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- Expected total cost in the case multi queue - multi server model (i.e. S individual 

M/M/1 models): E(TC)=S(E(SC)+ E(WC))= 𝒔(𝑪𝒔 + 𝑳𝒔𝑪𝒘) 

- Expected total cost in the case single queue – multi server model (i.e. M/M/s model): 

E(TC)=E(SC)+ E(WC)= 𝒔𝑪𝒔 + 𝑳𝒔𝑪𝒘   [3] 
 

 

3. CODE DOCUMENTATION 

 

After introducing the queuing theory, we’ll now describe the agent-based simulation we ran 

using NetLogo. In the simulation, the space represents a supermarket. The people outside 

the supermarket are placed in the top left corner; when they enter, they start moving 

around the space, and when they finish shopping, they get in line of the cash desks placed 

at the bottom right corner. After being served, they move again to the top left corner, 

waiting to return to the supermarket. 

 

 

 

We now describe in details the code in the case where the cash desks are all served by a 

cashier and there isn’t an automatic cash desk (the switch “automatic” is off). 

We assign seven variables to the agents:  

- “entry-time”: the time (i.e. the ticks) when they enter the supermarket.  

- “leave-time”: the time (i.e. the ticks) when they stop moving randomly into the 

supermarket and get in line at the cash desks. These are Gaussian random 

variables with mean equal to 100 ticks and standard deviation equal to 30 ticks. 
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- “perm-time” = “leave-time” minus “entry-time”: the amount of time a customer 

spent shopping 

- “times”: the number of times each costumer has been into the supermarket 

- “step”: a Boolean variable that takes the value 0 if the costumer is outside the 

supermarket (i.e. at the top left of the interface), takes the value 1 otherwise. 

- “queue-time”: the amount of time a customer has spent in line (it updates every 

time an agent comes back in a new line). 

- “auto”: a Boolean variable that takes the value 1 if the agent is going to the 

automatic cash desk, 0 otherwise. In the case of no automatic cash desk, the 

variable is always 0 for all agents.  

We represent the cash desks as patches, and we assign four variables to them:  

- “queue”: an array that represents the queue of the cash desk 

- “queue-x” and “queue-y”: the coordinates of the last customer in line 

- “clients-serves”: the number of customers that have been served in the cash desk.  

In the setup we create the cash desks and we put them at the bottom right of the interface, 

and then we create the agents and we put them in the top left of the interface, outside the 

supermarket. 

to setup 

  clear-all 

  create-desk 15 -15 

  create-desk 15 -13 

  create-desk 15 -11 

  create-people n-turtles 

  reset-ticks 

end 

 

In the go function, we have three different functions: 

to go 

  wait 0.1 

  sprout-turtles 

  move-turtles 

  update-desk 15 -15 

  update-desk 15 -13 

  update-desk 15 -11 

  ;print count turtles with [step = 1] 

  tick 

end 

 

1. “sprout-turtles”: this function let every agent with step = 0 enter the supermarket 

with probability “prob-shopping” that is set by the user with a slider in the 

interface. 

 
to sprout-turtles 

    ask turtles with [step = 0] [ 
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    if random-float 100 < prob-shopping [ 

      set step 1 

      set xcor 0 

      set ycor 0 

      set entry-time ticks 

      set leave-time random-normal 100 30 + entry-time 

      if leave-time < 0 [ 

        set leave-time 100 + entry-time 

      ] 

      set perm-time leave-time - entry-time 

      set queue-time 0 

    ] 

  ] 

  end 

 

2. “move-turtles”: this function is applied to those agents with step = 1 that are not 

in a queue yet; if the current time is the “leave-time” for the customer, he goes to 

the cash desks; otherwise, he moves randomly in the supermarket, still shopping.  

If the customer goes to the cash desks, he chooses one of them by tossing a coin: 

with probability 
𝑡𝑖𝑚𝑒𝑠

10
 (where times is the number of times he has been to the 

supermarket before), he chooses rationally, i.e. he picks the cash desk that has 

fewer people in queue; with probability 1 −
𝑡𝑖𝑚𝑒𝑠

10
 he chooses randomly. 

 to move-turtles 
  ask turtles with [step = 1] [ 

    ifelse ticks <= leave-time [ 

      right random 360 

      forward 1 

    ] 

    [ 

        if not member? who [queue] of patch 15 -15  and not member? who 

[queue] of patch 15 -13 and not member? who [queue] of patch 15 -11 [ 

          ifelse random-float 1 < times / 10 [ 

            ifelse length [queue] of patch 15 -15 < length [queue] of 

patch 15 -13 and length [queue] of patch 15 -15 < length [queue] of patch 

15 -11 [ 

              enqueue 15 -15 who 

            ] 

            [ 

              ifelse length [queue] of patch 15 -13 < length [queue] of 

patch 15 -11 [ 

                enqueue 15 -13 who 

              ] 

              [ 

                enqueue 15 -11 who 

              ] 

            ] 

          ] 

          [ 

            let choice random 3 

            ifelse choice = 0 [ 

              enqueue 15 -15 who 

            ] 

            [ 
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              ifelse choice = 1 [ 

                enqueue 15 -13 who 

              ] 

              [ 

                enqueue 15 -11 who 

              ] 

            ] 

          ] 

        ] 

      ] 

    ] 

  ] 

End  

 

 

to enqueue [x y t] 

  ask patch x y [ 

    set queue lput t queue 

    set queue-x queue-x - 1 

  ] 

  ask turtle t [ 

    set ycor [queue-y] of patch x y 

    set heading 90 

    set xcor [queue-x] of patch x y 

  ] 

end 

 

3. “update-desk”: this function deals with the operations on the queue. The time a 

cash desk takes to serve one client is proportional to his perm-time, such that the 

more time a custumer spends moving around the supermarket, the more he shops, 

the more time it takes for him to be served at the cash desk. Once a customer has 

been served, he gets out of the supermarket and comes back in the top left corner 

(his variable step takes value 0 and his variable times is increased by one), and every 

other client in the queue moves forward by one unit (i.e., his x-coordinates is 

increased by one). Finally, we assign to the variable queue-time of the first agent of 

the queue (the one that has to be served) the difference between the current ticks 

and his leave time.   

 
to update-desk [x y] 

  if length [queue] of patch x y > 0 [ 

    let t turtle first [queue] of patch x y 

    ask t [ 

      set perm-time perm-time - 25 

    ] 

    if [perm-time] of t < 0 [ 

      ask patch x y [ 

        set queue remove-item 0 queue 

        set clients-served clients-served + 1 

        set queue-x queue-x + 1 

        set plabel clients-served 

      ] 

      ask t [ 

        set step 0 
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        set xcor -16 

        set ycor 16 

        set times times + 1 

      ] 

      if length [queue] of patch x y > 0 [ 

        ask turtle first [queue] of patch x y [ 

         set queue-time ticks - leave-time 

        ] 

      ] 

      foreach [queue] of patch x y [ 

        [r] -> ask turtle r [ set xcor xcor + 1 ] 

      ] 

    ] 

  ] 

end 

 

We now consider the case there one of the one of the cash desks (the one in the coordinates 

(15,-11)) is turned into an automatic cash desk (the switch “automatic” is on). The customers 

whose variable perm-time is less than a certain threshold (in our code, the threshold is perm-

time = 80) will go at the automatic cash desk, while all the other customer will now have 

only two other cash desks to go to.  

 

In the code, we add this part to the “move-turtles” function: 

 
ifelse automatic = true [ 

        if not member? who [queue] of patch 15 -15  and not member? who 

[queue] of patch 15 -13 and not member? who [queue] of patch 15 -11 [ 

          ifelse perm-time < 80 [ 

            enqueue 15 -11 who 

            set auto true 

          ] 

          [ 

            set auto false 

            ifelse random-float 1 < times / 10 [ 

              ifelse length [queue] of patch 15 -15 < length [queue] of 

patch 15 -13 [ 

                enqueue 15 -15 who 

              ] 

              [ 

                enqueue 15 -13 who 

              ] 

            ] 

            [ 

              let choice random 2 

              ifelse choice = 0 [ 

                enqueue 15 -15 who 

              ] 

              [ 

                enqueue 15 -13 who 

              ] 

            ] 

          ] 

        ] 

      ] 
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      [ 

        set auto false 

 

If the variable “perm-time” of an agent is less than 80, the agent moves to the automatic 

cash desk and is served in the same way as the previous case. Otherwise, the agent has to 

choose between the other two cash desks, in the same way as the previous case (with 

probability  
𝑡𝑖𝑚𝑒𝑠

10
 he chooses rationally, with probability 1 −

𝑡𝑖𝑚𝑒𝑠

10
 he chooses randomly). 

 

 

4. RESULTS AND COMMENTS 

 

With this simulation, we wanted to analyze the queue time of the customers and how it 

changes depending on the type of the cash desks and the ability of people in choosing which 

cash desk to be served by.  

In the first scenario illustrated in section 3, all cash desks are regular and therefore a priori 

equivalent. A customer who has finished his shopping has to choose one of the cash desks: 

the first time he goes to the supermarket (“times” = 0) he has no way to decide which one 

is better, so he chooses randomly. The more he comes back to the supermarket (“times” 

increases), the higher is the probability (equal to =
𝑡𝑖𝑚𝑒𝑠

10
 ) that he chooses the cash desk in 

a rational way, that is picking the one in which there are fewer clients in line.  

To show the effects of the rational choice on the queue time, we plot two histograms (on 

the x-axis we have the variable queue-time, on the y-axis we have the number of agents): 

one for those customers who have been at the supermarket 4 times or less, and the other 

for those who have been at the supermarket more than 4 times.  

 

             

 

We can see that the first histogram is quite uniformly distributed, which means that there 

isn’t a strong tendency towards lower or higher queue times, due the randomness of the 

choices. Instead, the second histogram is shifted to the left, which means that for most of 
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the agents, the queue-time is low: the learning and the experience that come from having 

been at the supermarket multiple times and that make them choose the cash desk in the 

rational way most of the times, partially reduce their queue times.   

In the second scenario illustrated in section 3, one of the three cash desks has turned into 

an automatic cash desk. Those agents with variable perm-time equal or less than a certain 

threshold choose to go to the automatic desk in order to spend less time in queue: as a 

matter of fact, less people are able to go to the automatic one, because of the threshold; 

moreover, the serving time at the desk (that is proportional to the perm-time) is also shorter, 

and so the time of waiting is reduced. Running the simulation and plotting the queue-time 

of the agents who pass through the automatic cash desk (left), and the queue-time of the 

other agents, we can notice some interesting yet predictable effects: the automatic cash 

desk gives a lot of advantage in terms of time of waiting, to the detriment of the other agents 

who now have only two cash desks to go to, instead of three (and the amount of agents who 

go to the automatic cash desk is not high enough to reduce the other two queues in a 

significant way).  

 

                                 

 

To conclude, from this simulation we observe that automatic cash desks can be an effective 

solution to considerably reduce the queue times of those customers who have few items to 

buy; but since they generally are a small fraction of the total number of clients, changing 

one cash desk from regular to automatic in the average case increase queue times and make 

the situation worst.  
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